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Abstract 



We derive a perturbation expansion for general self-interacting random walks, where steps arc made 
' on the basis of the history of the path. Examples of models where this expansion applies are reinforced 

p I . random walk, excited random walk, the true (weakly) self-avoiding walk, loop-erased random walk, 

and annealed random walk in random environment. In this paper we show that the expansion gives 
rise to useful formulae for the speed and variance of the random walk, when these quantities are known 
to exist. The results and formulae of this paper have been used elsewhere by the authors to prove 
monotonieity properties for the speed (in high dimensions) of excited random walk and related models, 
and certain models of random walk in random environment. We also derive a law of large numbers and 
. central limit theorem (with explicit error terms) directly from this expansion, under strong assumptions 

^ ' on the expansion coefficients. The assumptions are shown to be satisfied by excited random walk in 

\l . high dimensions with small excitation parameter, a model of reinforced random walk with underlying 

' drift and small reinforcement parameter, and certain models of random walk in random environment 

, under strong ellipticity conditions. This is the extended version of the paper |20| . where we provide 

' all proofs. 

o 

^ ; 1 Introduction 

Recently, many models of random walks with a certain self-interaction have been introduced. A few 
^ ■ examples are self-reinforced random walks [HI [33l [35] , excited random walks [3l [29l [30l [39l HD] , true-self 
■ avoiding walks and loop-erased random walks. Proofs in these models often rely on martingale methods, 
or explicit comparisons to random walk properties. In some of the examples, laws of large numbers are 
derived. The difficulty is that the limiting parameters are rather implicit, so that it is hard to derive 
analytical properties of them. For example, it is quite reasonable to assume that the drift for excited 
random walk is monotone increasing in the excitement parameter for each d >2, but a proof of this fact 
is currently missing. Similarly, it has not been proved that the speed for once-reinforced random walk 
on the tree is monotone decreasing in the reinforcement parameter (see [H]). See [3l] for a survey of 
self-interacting random walks with reinforcement. 

In the past decades, the lace expansion has proved to be an extremely useful technique to investigate a 
variety of models above their upper-critical dimension, where Gaussian limits are expected. Examples are 
self-avoiding walks above 4 dimensions [HI [Ml [Ml ETl [38] , lattice trees above 8 dimensions [9l \T0 [ [T3 l [25], 
the contact process above 4 dimensions [211 [12]) oriented percolation above 4 dimensions [Ml [311 [32], 
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and percolation above 6 dimensions \12\ [T5l I16j . An essential ingredient in the proofs is the fact that 
the above models are self-repellent. There are many more models where a Gaussian limit is expected 
above a certain upper critical dimension, but using the lace expansion for these models is hard as they 
are not strictly self-repellent. In this paper, we perform a first step for a successful application of the lace 
expansion methodology, namely, we derive the expansion for general self-interacting random walks. The 
goal is to use this expansion for some of the simpler self- interacting stochastic processes available. 

We will study a particular version of once-reinforced random walk, where the initial weights are 
such that the corresponding random walk has a non-zero drift. A similar situation was investigated in 
where once-reinforced random walk was investigated on the tree. We expect that our method can be 
adapted to the tree setting to reprove some results in , when the reinforcement parameter is sufficiently 
small. We also study excited random walk, where the random walker has a drift in the direction of the 
first component each time when the walker visits a new site. It was shown that this process has ballistic 
behaviour when d > 2 in [3l \29\ I30| . while there is no ballistic behaviour in one dimension. For a third 
application of our method we study random walk in (partially) random environments, similar to those 
considered in [5]. 

In this paper we give a (self-contained) proof of a law of large numbers {d > 6) and a central limit 
theorem d >9) when the excitation parameter is sufficiently small. We also derive a law of large numbers 
and central limit theorem for the once-reinforced random walk with drift when the reinforcement is 
sufficiently small compared to the drift. These results were completed in 2006. Since then, substantial 
progress has been made on these two models. Using renewal techniques, a strong law of large numbers 
and invariance principle has been proved for the excited random walk in dimensions d > 2 [1], while laws 
of large numbers and local central limit theorems are obtained for a large class of ballistic self-interacting 
random walks (including the reinforced random walk with drift in all dimensions) in [28]. We prove 
similar results for annealed random walks in partially random environment similar to those in [5] in the 
perturbative regime, with the difference being that the probability of taking a step in each coordinate 
may be random. We believe that our results for random walk in random environment are new. 

The renewal techniques often give strong results (as described above), but currently do not provide 
much insight into how the results depend on the underlying parameters. As is done in this paper, our 
expansion can be used independently to prove (sometimes weaker) results in the perturbative regime. In 
doing so we obtain formulae and estimates of error terms for some of the relevant quantities of interest. 
This is one of the main advantages of our method, but as illustrated by recent applications (see Section 
12. 5p we see a combination of our expansion with renewal and ergodic methods to be highly informative. 



2 The main results 

We start by introducing some notation. A path a; is a sequence {wj^o for which coi £ for ah i > 0. 
We obtain random walk when the random vector {wj+i — Wjj^Q is an i.i.d. sequence. We let P be the law 
of a random walk law starting at the origin. We write ujn for the vector 

UJn = {UJQ, . . . ,UJn), (2.1) 

that is, for the first n positions of the walk and its starting point. Let 

D{x) = F(wi = x) (2.2) 
be the random walk transition probability, so that 

n-l 

P(d;„ = {xo,xi, Xn)) = JJ D{xi+i - Xi). (2.3) 

j=0 
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We restrict our attention to D with finite range L so that X]^^|>l ^{x) = and all moments of D exist. 
For self-interacting random walks, a similar expression to (j2.3p is valid, but the term appearing in the 
product may depend on the history of the path. Let Q.[xo) denote the law of a self-interacting random 
walk w = (wq, 1^1, • • • ) started at ojq = xq^ i.e., 

n-l 

'Q.{xo){^n = {xo,Xi, . . .,Xn)) = Wp"' {xi, Xi+i) , (2.4) 

where 

p^'{xi,Xi+i) = Q(3.Q)(a;i+i = Xi+ijcJi = fj). 

In other words, for a general path Xj, we write ^^^(xj, Xj+i) for the conditional probability that the walk 
steps from Xi to Xj+i, given the history of the entire path xi = (xq, . . . ,Xi). It is crucial to our analysis 
that our self-interacting random walk law is translation invariant, i.e. for all x^, 

Q{xa){^n = {xo,Xi,. . . ,Xn)) =Q(o)(Wn = (o, Xi - Xq , • • • , X„ - Xq) ) • 

We henceforth write Q = Q(o) and drop the dependence on the starting point xq from the notation when 
the history Xn of the path is given, e.g. Q(-|a;,i = x^) = Q{a;o)("l'^n = Xn)- 
The goal of this paper is to investigate the two-point function 

Cn{x)=q{uJn = x). (2.5) 

In this paper, we will derive an expansion for the two-point function in full generality. However, for 
the analytical results we will focus on directed once-edge-reinforced random walks, excited random walks, 
and random walks in partially random environments. In Sections 12. 1^ 12.21 ^^^id 12.31 below, we will define 
the models and state the results. 



2.1 Once edge-reinforced random walk with drift 

In this section, we introduce an example of a once edge-reinforced random walk with drift. For a directed 
edge 6, denote the number of times the edge h is traversed up to time t by 

t 

1=1 

where Ia denotes the indicator of the event A, and let t i— )• /3t be a sequence of M-valued reinforcement 
parameters. We use Ws{b) to denote the weight of the edge b at time s. The main assumption for our 
reinforced random walk is that WQ(b) is translation invariant, and that 

^xt(;o(0,x)/0. (2.7) 

X 

Define Ws{b) recursively by 

wt{b) = wt-i{b) + I{{ujt_^,u>t)=b}f3et(b)- (2-8) 
We define a directed version of edge-reinforced random walk (ERRW) by setting 

uj; / \ 'Wi\Xi,Xi^i) I'o ^^ 

p '[xi,Xi+i) = — -. (2.9) 

Wi{xi,y) 
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We will deal with directed once-reinforced random walks, where /3j = (35t^i is taken sufficiently small, 
however our results extend to directed boundedly-reinforced random walks, where we assume that 



/3 = |/3t| < oo, is sufficiently small. (2.10) 

t=o 

The parameters /3s are allowed to be negative (provided wo(b) + Ylu=i l^t remains bounded away from 0). 

Note that (j2.7p implies that the random walk distribution arising for /3 = has non-zero drift. 

We denote by Q_p the distribution of the above once-reinforced random walk with drift, and we let 
denote expectation with respect to Q/j. We denote by Var^(a;„) the covariance matrix of the random 

vector Un under the measure Q^. We also denote convergence in distribution by ==^, convergence in 

IP 

probability under the law P by — > and write AA(0, S) for the multivariate normal distribution with 
mean the zero vector and covariance matrix S. 



Theorem 2.1 (A CLT for finitely reinforced random walk with drift). Fix d > 1 and assume ([27 
There exist /Sq = j3o{d,WQ) > 0, 6 = 9{f3,WQ,d) G [—1,1]'' and finite S = T:{f3,WQ,d) such that, for all 

/9</3o, 
(a) 

W.p[u:n] = en[l + 0{-)]. (2.11) 
n 

(h) 

Var^(a;„) = Sn[l + 0(i)]. (2.12) 

n 

(c) ujn satisfies a central limit theorem under Q^ , that is, 

u:n-On d^^^^^^y (2.13) 



n 



As noted in the introduction, this result has since been strengthened in [28], although without error 
estimates. Parts of our methods apply to once-reinforced random walk where the initial weights induce 
no drift. However, we are currently unable to prove the bounds on the expansion coefficients, one of the 
crucial steps in the analysis. We shall comment on this issue in more detail in Section 16.51 below. In 
Section 13.3113.41 we shall further give formulas for the speed and variance appearing in Theorem 12. 1[ 

2.2 Excited random walk 

In this section, we introduce excited random walk (ERW), which is the second model to which we shall 
apply our expansion method. It is defined for (3 S [0, 1] by taking 

p'^'{xi,Xi+i) =pQ{xi+i - Xi)I{^^^^^_^} +p^(xi+i - Xi)[l - /{x,ecj,_i}], (2.14) 

where {xj G Wi-i} denotes the event that xi = uoj for some < j < i — 1, and where 



is the nearest-neighbour step distribution and 
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Here ei = (1,0,..., 0) and x ■ y is the inner-product between x and y. In words, the random walker gets 
excited and has a positive drift in the direction of the first coordinate each time he/she visits a new site. 

That ERW has a positive drift (in the sense of a lower bound) was established for ERW in d > 4 in 
[3], for d = 3 in [29], and for d = 2 in [30]. For d = 1, it is known that ERW is recurrent and diffusive 
(except the trivial case /? = 1) [7]. Many generalisations of this model, described in terms of cookies, have 
also been studied (see for example [39], [1], [2]). 

We denote by Q/j the distribution of the above excited random walk started at the origin, and we let 
E/3 denote expectation with respect to Q^. We denote by Var^(ti;„) the covariance matrix of the random 
vector u)n under the measure Qp. 

Our main result for excited random walk is the following theorem: 

Theorem 2.2 (A CLT for ERW above 8 dimensions). Fix d > 8. Then, there exists /3o = /3o(d) > 0, 

9 = {0i{(3, d), 0, . . . , 0) and finite S = S(/3, d) such that, for all 13 < I3q, 

(a) 

Ep[LOn\ = en[l + 0{-)]. (2.17) 
n 

(b) 

Var^(.;„) = Sn[l + 0(i^)]. (2.18) 
(c) LOn satisfies a central limit theorem under Q^p, that is, 

Un-en (2.19) 



n 



Unfortunately, our methods do not apply to general d > 2. However, when d > 5, we can prove a 
weak law of large numbers: 

Theorem 2.3 (A LLN for ERW above 5 dimensions). Fix d > 5. Then, there exists /3o = f3o{d) > and 

6 = (6li(/3,d),0, ... ,0) such that, for all /3 < Po, 

(a) 

log n 



Ep[u;^]=en[l + Oi-^)]. (2.20) 
(b) uJn satisfies a law of large numbers under Q^, that is, 

% e. (2.21) 



n 



As remarked in the introduction, these results have since been strengthened considerably in [3], and 
indeed a strong law of large numbers was already implicit in [39] . One of the key purposes of this paper 
is to obtain analytically tractable formulae for the coefficients 9{f3,d) and S(/3,d) in the central limit 
theorem (see Section [3.2p . allowing for a proof that /? i— )• 9{/3,d) is monotonically increasing. This result 
has since been proved for d > 9 in [19], making crucial use of the methodology in this paper. 



2.3 Random walk in a partially random environment 

In this section, we introduce a model of random walk in (partially) random environment (RWpRE). 
The model we consider is a (nearest-neighbour, for simplicity) random walk in Z'^, where d = do + di 
with di > 5. The random environment has the property that the random walker observed only when 
stepping in the coordinates do + 1, . . . , d, behaves as a simple random walk in di dimensions. This is 
similar to the model studied in [5], but with two important differences. Firstly, our results will only 
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apply in the perturbative regime, where the transition probabilities are sufficiently close to their expected 
values. Secondly we allow the probability of stepping in the do + 1, . . . , d coordinates to depend on the 
environment, provided that this probability is bounded away from 0, uniformly in the environment. This 
situation is not allowed in [5] , so our results for this model can be seen as a non-trivial extension to [5] in 
the perturbative regime. 

To be more precise about the model that we study, we require some additional notation. Let d = 
do + di > Q with di > 5. Let Ud be the set of unit vectors in Z*^, and V{Ud) be the set of probability 
measures on Ud- Let W. = {W.{u)}u£Ud denote an element of V{Ud) and let fi he a probability measure 
on V{Ud), satisfying the following: 

(1) The weight assigned to Ud^ is not too large, i.e. there exists some 5 > such that 

m( W.{u)<l-5) =1. 

(2) The weights assigned to Ud \ Ud^ are "fair", i.e. for each v £ Ud \ Ud^^, 

f.i^W.{v) = ^ j=l. 

(3) The weights cannot vary too much, i.e. there exists some /3 < 1 such that for each u G Ud, 

fii\W.iu)-E^[W.iu)]\<f3) = l, (2.22) 

where denotes expectation with respect to fi. 

Let u be the product measure on V{Ud)'^'' obtained from /i, i.e. under z/, {Wx}xeZ'i ^-r^ independent 
with distribution fi. The RWpRE in environment W = {Wx}^^^'^ is the Markov chain {Xn}n>o such 
that Pw{Xo = 0) = 1, and Pw{Xn+i = Xn + u\Xo, . . . ,Xn) = Wx„iu). The annealed RWpRE is the 
(non-Markovian) random walk with law Q obtained by averaging over all environments, i.e. 

Q(d;„ =Xn) = j Pw{Xn = Xn)dv. 

The annealed transition probabilities are given by 

p^^{xi,Xij^i) = Q(a;i+i = = Xi) = E[W^.^(xi+i - Xi)\uji = Xi]. (2.23) 

Our main result for RWpRE is the following theorem, in which denotes the above annealed law for a 
fixed (sufficiently small) choice of (3. 

Theorem 2.4 (A CLT for RWpRE for di > 7). Fix di > 7 and do > I. Then, for every 6 > there 

exists j3o = /3o{di,do, 6) > 0, 9{j3, S, di, do) and finite E = S(/3, 6, di, do) such that, for all /3 < /3o, 

(a) 

E^[un]=0n[l + O{^)]. (2.24) 

(b) 

Var/3(a;„) = Sn[l + 0{—^)]. (2.25) 



(c) LOn satisfies a central limit theorem under Q^j^, that is, 

ujn-6n d 



n 



AA(0,S). (2.26) 



6 



Theorem 2.5 (A LLN for RWpRE for di > 4). Fix di > 4 and do > I. Then for each 5, there exists 

f^o = Poidi, do, 6) > and 6 = 6{di, do, 6) such that, for all j3 < f3o, 

(a) 

E^K] = 0n[l + O(^^)]. (2.27) 



(b) LOn satisfies a law of large numbers under Q^, that is, 



n 



n 



(2.28) 



In the above theorems, the (3q arising from our analysis can be taken larger as 5 increases. 

Although results of a similar nature appear in and some of the references therein, we believe that 
this is a new result. In particular, we do not assume that the random components of the environment 
are isotropic, nor that they have mean zero, nor that the random walker is transient in any particular 
direction. However, as in [5], our analysis relies heavily on the fact that simple random walk in di 
dimensions is, loosely speaking, very transient. 



2.4 Overview of the method 

The main tool used is a perturbation expansion for the two-point function. Such an expansion is often 
called a lace expansion, and takes the form of a recurrence relation 

n+l 

Cn+l{x) = ^D{y)Cn{x - V) + T^m{y) y) (2.29) 

y y m=2 

for certain expansion coefficients {'^m\m=2^ where 

D{x)=p°{o,x) (2.30) 

is the transition probability function for the first step. A recurrence relation such as (j2.29p is derived 
for the oriented percolation and self-avoiding walk two-point functions, and plays an essential part in 
the proofs that these models are Gaussian above the upper-critical dimension. For self-avoiding walk, 
Cn{x) equals the number of n-step self-avoiding walks starting at and ending at x, and Cn{x) equals 
the total number of self-avoiding walks, which grows exponentially at a certain rate that needs to be 
determined in the course of the proof. For self-interacting random walks, 'Yl,x^ri{x) = 1- This essential 
difference gives rise to a difference in the strategy for proofs. 

In any lace expansion analysis, there are three main steps. The first is the expansion in (|2.29p . which, 
for general self-interacting random walks, will be derived in Section [3l The second step is to derive 
bounds on the lace expansion coefficients. These bounds will be derived in Section [6j The final step is the 
analysis of the recurrence relation, using the bounds on the lace expansion coefficients. For this analysis, 
we will make use of induction. The inductive analysis in this paper is intended for the perturbative regime 
(sufficiently small (3), and is similar to the one in [iTj, where a lace expansion was used to prove ballistic 
behaviour and a central limit theorem for general one-dimensional weakly self-avoiding walk models. In 
turn, this induction was inspired by the analyses in [23] . 

In the induction argument, we shall make use of the characteristic function of the end-point of the 
n-step self-interacting random walk, which is the Fourier transform 

Cn{k) = e''"Cn(^)- (2-31) 
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Taking the Fourier transform of (j2.29p yields 



n+l 

Cn+l{k) = b{k)Cn{k) + T^m{k)Cn+l-m{k) (2.32) 

m=2 

We shall present two separate induction arguments. The first proves a law of large numbers as 
in Theorem 12.31 under relatively weak assumptions on the expansion coefficients, the second is a more 
involved induction argument proving the central limit theorem as in Theorems 12.11 and 12.21 under stronger 
assumptions on the expansion coefficients. 

The remainder of the paper is organised as follows. In Section [3l we present the expansion for self- 
interacting random walks, which applies in the general context described in Section [21 We also establish 
the formulae for the limiting speed and variance of the endpoint of the walk, assuming that these quantities 
exist. In Sections H] and O we describe the induction arguments for the law of large numbers and central 
limit theorem respectively. In Section [6l we prove the bounds on the lace expansion coefficients for the 
two models under consideration. In Section [3.41 we prove the formula for the variance stated in Theorem 
13.21 in Section [3| 

2.5 Recent applications of this method 

In this paper we have concentrated on deriving the expansion and on obtaining laws of large numbers and 
central limit theorems under strong conditions on the expansion coefficients. However in Sections 13.31 and 
13.41 we also obtain formulae for the speed and variance, when these quantities are known to exist, under 
much weaker conditions on the expansion coefficients. 

The speed of excited random walk is known to exist in all dimensions, e.g. see [4] and the results of 
this paper give a formula for that speed. This formula is shown in [19] to be monotone increasing in 
the excitation parameter in dimensions d > 9. An excited random walk with opposing drift in a site- 
percolation cookie environment is studied in [26]. A result of [5] using cut-times and ergodicity shows 
that the speed of this model exists in high dimensions. A formula for the annealed speed is then given 
by the results of this paper and it is shown in [26] that this formula is continuous in the excitation, 
percolation, and drift parameters, and strictly increasing in the excitation and percolation parameters in 
high dimensions. In high dimensions, for each value of the drift parameter one can then establish phase 
transitions in the speed as one increases the percolation and excitement parameters. In [27], certain 
models of random walk in i.i.d. random environment, where at each site either the left or right step is 
not available, are studied in high dimensions. In these models the existence of the speed is given by [5], 
a formula is provided by this paper, and it is possible to prove monotonicity of the speed as a function of 
the probability p that the right step is available at the origin. 

3 The expansion for self-interacting random walks 

In this section, we perform and discuss the expansion for interacting random walks. In Section 13. H 
we derive the expansion in ()2.29p . in Section 13. 2|, we discuss the consequences of our expansion, and 
in Sections 13.31 and 13. 4( respectively, we identify the speed and variance from our expansion formula, 
assuming that they exist and that the expansion formulae converge. 
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3.1 Derivation of the expansion 

Before we can start to prove (j2.29p . we need some more notation. We will make use of the convolution of 
functions, which is defined for absolutely summable functions /, g on l/" by 

U*9){^) = Y.f^y)9{.x-y), (3.1) 
y 

so that we can rewrite (j2.29p as 

n+l 

Cn+l{x) = {D * Cn){x) + ^ (vTm * Cn+l-m){x). (3.2) 

m=2 

If ff and X are two paths of length at least j and m respectively and such that rjj = xq, then the 
concatenation fjj o Xm is defined by 

ox ) = I ^^^"^ < ? < j, ,^ 

1^ Xi-j when j < i < m + j. 

Given fjm, we define a probability measure Q'''" on walk paths starting from 77^, by specifying its value 
on particular cylinder sets (in a consistent manner) as follows 

n-l 

Q'?-(a;„ = (xo,xi, . . . ,x„)) = J] /™°^»(xi, x,+i), (3.4) 

j=0 

and extending the measure to all finite-dimensional cylinder sets in the natural (consistent) way. We 
write E''™ for the expected value with respect to Q''™, and define 

cf^ , X) = Q*" {Ujn = X) . (3.5) 

Any path of length n + 1 is a path of length 1 concatenated with a path of length n, so that, in terms of 
the above notation, we can use ()2.30p to rewrite 

c„+i(x)=j;z?«) y: n^'''^°'°^'''(^r\^ii^i)- (3.6) 

,-;(0) ^(1) (0) j=0 

^(0) ^(1) ^(1) ^/p, ^/-^> 

If we had p^^ = p^^ for all o u;^. , then we would be back in the random walk case, since we 
would arrive at 

n-l 

c„+i(x) = J^D«) J2 llP^'^'^''^''M'll) = iD*c^){x). (3.7) 

^(0) ^(1) ^{1) 

For interacting random walks, p'^i does not equal p^i in general, and we are left to deal with the 
difference between the two. For given fjm and Xj we can write 

p''™°^»(xi,Xi+i) =p^»(x„x,+i) + (/™°^» -/»)(x„Xi+i). (3.8) 

With this substitution, we have that 

1 n— 1 

nuj^"^ oLu^^K (1) (1) \ TT r u^^'' r (1) (1) ^ I ^ ui'^''oLu^^\ (i) (i) \ uj^^K (1) (1) \M ^^ 

i=0 i=0 
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In (j3.9p . the first term has 'forgotten' the first step, while the second term makes up for this mistake. We 
would like to expand out the product in ()3.9p . Note that for all {ai}^~Q and {bi}"^Q , 



n—l n—1 1 J— 1 n— 1 

1=0 1=0 j=0 i=0 i=j+l 



(3.10) 



where the empty products arising in ni=o ('^i + ^i) when j = and HILZ+i when j = n — 1, are defined 
to be equal to 1. Applying this to (j3.6p with 

we arrive at 



n-l 



n-l 



i=o,^{o) -.(1) 

n-l 



(0)„,:l(l) ,71(1) ^ 



/ (1) (1) \ / UJ] 'ouj\ ' LU^. '\/ (1) (1) \ 



(3.11) 



j=j+i 



The first term equals {D * Cn){x) by (13. 7p . To rewrite the second term, we need some more notation. We 
abbreviate 

A^, = {/^'°''^' -/^)(u:f \u.fi^, (3.12) 

so that (|3.1ip becomes 



n-l 



j=0 ,j(0) 
n-l 



j-l n-l 

p[°^ouj'l^\ II) (1) \1 a(i) r TT /,,{!) , ,(i) x 

i=j+l 



Cn+i(2;) = (-D*c„)(2;) + EE-^('^i°')E [n^'"" ■ y- v-i >-i+i. 



n-l j— 1 

p*c„)(.)+EE^«) E [n^"^°'°"^'''(-r'-m) 



j=0 .(0) 



,^(1) .,,(!)_, ,(0) 1 = 

n-l 



Ad) 



X 

,( 

Prom p.Sp . we have that 



E [ n p"^''(-^^-Sl) 



^, ,(1) , ,(i)v, ,(1)-^ i=j+l 



(3.13) 



n-l 



E [ n p"''(-^^-l^l); 



'-n-j-l\^j+l^-^)- 



(3.14) 



Therefore, p.l3p is equal to 



n-l 



Cn+l{x) = {D * Cn){x) + ^ E ^(^l') E ^^^^^ ('^i = ^T^^U ^2t-lK+l' ^) (^'IS) 



J=0^(0) 



10 



^(1) 

For the second step of the expansion, we note that a type of two-point function c„^'_^(ci;j'^^, x) appears 
on the right side of (|3.15p . The second step of the expansion involves expanding out the dependence of 
this two-point function on the history oj'j^i- Given Coj^^i we write 



The contribution to ()3.15p from the first term on the right of ()3.16p is 



-j(i) 
i+i f, ,(1) 



(3.16) 



n-l 

EE 

j=0 y 



n+l 



m=2 y 

(3.17) 



where, for m >2, 



-j(l) 



(3.18) 



To investigate the contribution to (|3.15p from the term in brackets on the right of (j3.16p , we consider the 
difference between Cn'^{r]m,x) and Cn{r]m,x) for general ff^, n and x. We first write 



n-l 

uj^:r)m^x i=0 

and then use ()3.8p and ()3.10p to end up with 
Therefore, similarly to (|3.13P " (|3.15p . we obtain 



(3.19) 



i=j+i 



(3.20) 



(3.21) 



In (|3.2ip . the first term is a regular two-point function, i.e., it does not depend on the history fjm.. In the 

correction term a history-dependent two-point function c^^„i appears to which we can iteratively use 
l^?H\i . Thus, with m = j + 2, 

n+l 

Cn+l{x) ={D * Cn){x) + ^ (vr}^' * C„_m+i)(x) 



(3.22) 



m=2 



+ EE^«) E E Q""'('%. = '4i>SVir-'H^. = 4^')Aj:VicS^^^ 



ilj2 ^(0) 



where we write, for > 1, 



A'"^' - in 



^(iV-l) ^(iV) ^(JV) 



(3.23) 
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with Jo = 0. 

For > 1, we let Am,N = {j G ^+ : ii + • • • + jjv = — — 1} and further define 

<\y) = E E E • • • E ^(.'-) n A<:v /n (3.24) 

TV , 

which is zero when N + 1 > m. Note that (I3.24p reduces to (I3.18P in the case = 1. Then define 



vr™(2/) = E^-H?/)- (3.25) 

N=l 

We emphasize that, conditionally on the probability measure Qjv/+i^ is the law of i.e., 

that acts as the history for uj\'^'^^\-, . 

Equation (j2.29p follows by iteratively replacing the two-point function in (j3.2ip by using the equality 
()3.2ip . until the second term on the right of (j3.2ip vanishes. This must happen when N = n + 1. This 
completes the derivation of the expansion. 

3.2 Discussion of the expansion 

In this section, we discuss the consequences of the expansion in (|2.29p . 

The lace expansion coefficients. The lace expansion coefficients involve the factors 

A^Vi = (3-26) 

in ()3.23p . This difference is identically zero when the histories o tjj^' and tJ^-^' give the same 

transition probabilities to go from Uj'^^ to ujj'^^^i- For excited random walk, A'-^'^^^ is non-zero precisely 
when ujj^^ has already been visited by but not by (^j^Li, so that 

K^i,,4_1 ^K^o,,4.lMr (iV)^^(iV-l) (iV)j^(iV) , 

^ m JJV-1+1-' >- JJV ^ JJV-1-' >- JJV Jjv-i ' 

For once-edge-reinforced random walk, the difference (|3.23p is nonzero exactly when the vertex wj^* 
has already been visited by tJj^^^',^]^ via an edge that was not traversed by wj^^ Therefore, we also have 
for once-edge-reinforced random walk that 

(-)^^(jv-.) (3.28) 

JJV JjV-1 

For RWpRE, a similar bound holds as follows. From ()2.23p . 

^jM+i - ^ i^J.''^ Hjv+1 - "^jN ) l^iiv-i+i+i^ - ^ijv-i+i ° \ - ^ F^(^) (^j^+i - ^ijv )r3N - J • 



JJV JJV 
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Figure 1: The diagrams for vr-m , = 1, . . . , 5, arising from the expansion and the bound (j3.28p for both 
models. The subwalks (indicated by different shades) in the diagrams have the previous subwalk as their 
history. An intersection of two subwalks and a small factor f3 appears at each vertex. 

By definition the random environment is site- wise independent, so the only information about W (n) 

JJV 

contained in the history of the path is in the departures from the site wj^'. Trivially every departure 
from wj^' by wj^' is also a departure from lo^^^ by '^j^ o '^jv'' ^^'^ ^'^y additional departures from 
this site by o tl;^.^' are actually departures from wj^' by wj^"^'. Thus ^j^+i is non-zero only if 

lJ"^^ € cjj-^"^'. It then follows immediately from (|2.22p that 

^ 3-N m-1 ' 

We conclude that for all models under consideration, each factor IA'-'^', , 1: 

1. enforces an intersection between the path and its previous history; 

2. gives rise to a factor /?, making 'Km\y) small when j3 is sufficiently small and N is large. 

The quantities TTm\y) combined with the bound (j3.28p for both models, can be represented by diagrams 
of the form displayed in Figure[T]for = 1, . . . , 5. The first step is special, as it has no history. Thereafter, 
each subwalk (indicated by shading in Figure [1]) has the previous subwalk oo'j~_^^^i as its history. 

The apparent similarity with the self-avoiding walk diagrams (see for example [H]) is natural due to 
the intersections enforced by the factors as described above. A small factor (3 arises from each 

intersection (represented by vertices in Figure [1]), and the number of intersections increases with the 
complexity of the diagram. 



The speed and variance. By convention our vectors are considered to be column vectors. Thus if 
€ M"^, then 69^ is a d x d matrix with real entries. 

The limiting speed 9 = 9(f3,d) and covariance matrix E = T,(f3,d) appearing in Theorems I2.1f[2^ are 
given by 



9{P,d) 
S(/3,d) 



oo 



m=2 



'■k{m-l) 



m=2 



k=0 



(3.30) 

(3.31) 



13 



where 0^ is the expected drift of the transition probabihty D = p°, i.e., 

9,= Y^ xD{x), (3.32) 

while E0 is the covariance matrix oi D = p° given by 

= ^ XiXjD{x), (3.33) 

and \7f{k) is the vector of derivatives of A; 1— >• f{k), while \/'^f{k) is the matrix consisting of the double 
derivatives of A; 1— f{k). 

These formulas can be heuristically derived from the recurrence relation (j2.29p . Indeed, take the 
Fourier transform to obtain 

n+l 

Cn+1 

(k) = b{k)Cn{k) + ^m{k) (k). (3.34) 



m=2 



Now replace q(/c) throughout the recurrence relation by e*'^''^' ^k^T,ki ^ -j^ accordance with Theorem l2.1l fc)- 
YTEc). Then, dividing by e*^-'^"-!'^'^'^", we obtain 

n+l 
m=2 

Expanding to linear order in k yields (j3.30p and expanding to second order in k yields (j3.3ip . when we 
note that S (as defined in (12.12^ and (I2.18P ) must be symmetric, and 

7r^(0) = and b{k) = I + ik ■ 6^ -hz'^T.^k + 0{\k\^). (3.36) 

The results in this paper, as well as the proofs, follow part of the ideas in [T7j, where it was shown 
that certain weakly self-avoiding walk models in d = 1 behave ballistically. 

3.3 The formula for the speed 

In this section, we show that, when the speed is proved elsewhere to exist, and our formula for the 
speed in ()3.30p converges, then in fact ()3.30p identifies the speed. For example, for ERW in dimensions 
(i = 2, . . . , 5, where Theorem 12.31 does not apply, it is known (e.g. [4]) that the speed exists almost surely. 

Theorem 3.1 (The speed formula). If Y\mn^ooYl^=2Yl,x^'^m{x) exists and n~^Ldn — ^ 0, then 

oo 

0(/3,d) = ^V(O,x) + ^^ ). (3.37) 

X rn=2 X 

Proof. Multiplving (j2.29p bv x = v + (x — v). summing, and using the facts that Cr,(x) = "^^P^'iO, x) = 
1 and T^mix) = 0, we obtain 

n+l 

^xc„+i(x) =^2//(0,y) + ^2;c„(x) + ^ ^y7r„i(y). (3.38) 

X y X m=2 y 
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Now J2x^'^n-{x) = IE[<^n]) SO rearranging (j3.38p we obtain 

n+l 
m=2 y 

The right hand side converges if and only if the left hand side does. Thus, under the assumption that 
limn_5>oo X]m=2 XT^m[x) = 9{(3, d) — 9^ exists, we obtain that 

lim E[wn+i - ojn] = 0{p, d). (3.40) 

n— >oo 

In turn, ()3.40p implies that 

lim E[n-^ujn] = e {13, d). (3.41) 

n— >-oo 

When n~^ujn 6{/3,d), by bounded convergence and the fact that \u}n\ < nL since the maximal step 

size of our self-interacting random walks is L, we have that 

lim E[n^^ujn] = 0(13, d), (3.42) 

n— >oo 

SO that, as required, 6{f3,d) = 9{j3,d). □ 
3.4 The formula for the variance 

In this section we prove a result about the variance of the endpoint of the walk, similar to that obtained 
above for the speed. Define Om := y'*'7rm(y)- Then, we have the following formula for the variance of 
self-interacting random walks in terms of the lace expansion coefficients: 

Theorem 3.2 (The variance formula). Suppose that for each i,j G {1, 2, . . . , d}, 

n— !>oo n ^ — ' ^ — ' 

m=2 y 

and that either 

(i) E[a;,j] = for each n, or 

(ii) n^^Wn 9, and X]m=2("^ ~ l)|«m| < oo. 



Then 



m=2 



(3.44) 



The proof of Theorem 13.21 is an adaptation of that of the speed formula in Theorem 13. II ab ove . and is 
deferred to Section [7] 
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4 Induction for the weak law of large numbers 

In this section we prove a law of large numbers from the recm'rence relation (j2.29p . or, more precisely, 
its Fourier transform (|3.34p . assuming certain bounds on the coefficients %,yi{k). The bounds roughly 
correspond to upper bounds on the accuracy of the Taylor approximation of TTm{k) up to first order. 

We start by formulating a general assumption (which must be verified for a specific model), and prove 
the main result. Theorem 14.11 under this assumption. 

Assumption (LLN). There exists a sequence {bm}m>i, independent of P and with bi > 1, and a constant 
£l3 = ep{d) satisfying lim/3_^o ^/^(f^) = such that 

7rm(0) = 0, |V7rm(0)| < ephm, 

and uniformly in k ^ [— 7r,7r]'^, 

\T^m{k)\ < e[s\k\bra, \TTm.{k) - k ■ V7rm(0)| < ei3\k\^mbm., (4.2) 

where 

B = y bm < oo and B = sup "zOm < oc. (4.3) 

1 n n 

m=l m=l 

Theorem 4.1 (Weak law of large numbers). When Assumption (LLN) holds, there exist /3q = /3o((i) > 
and 9 = 9 {(3) such that for all /? < /3o; 



E/3[a;„] = ^n[l + o(- ^(nAm)6^)]. (4.4) 



m=l 



Furthermore, there exists C > such that for every 



log (E^e^'^-'^"/"]) =^k■9 + 0\^^e'^\^\Y.{n^m)bA + o(^^m6„j , (4.5) 



n — ' / \ n 

rn=l / \ m=l 



where the constant 9 given by (I3.30p is model dependent. 

Remark 4.1. Observe that Ylm=i(^ ^ 'm')bm = o{l) and n^^ X]m=i = o{l) when (j4.3p holds. 

Thus (14. 5p implies that lim„,_j>oo IE/3[e*^''^"/"'] = e*^'^, which is equivalent to the statement of convergence 

in probability, LOn/n 9. 



Note that since D has finite range, there exists a constant Ci > 1 independent of (3 such that 

\D{k)-l-ik-9^\<Ci\k\'^, (4.6) 

and let Ki = 2Ci, which is independent of /?. 

We will frequently use the following lemma, whose proof follows easily by applying Taylor's Theorem 
at t = to the map from M — >■ C given by 1 1— )■ e*^': 

Lemma 4.2. For all x G C, j G N, 




where Re(x) is the real part of x. 
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Set ^1 = and, for n > 2, we define the fohowing approxhxiation to 9: 

n 

Qn = Q.-iY^ V^^(O). (4.7) 



m=2 



Our induction hypothesis for the law of large numbers in Theorem 14.11 is that the following bound 
holds for all (3 < (3o, some 6 < 1 independent of (3 and all < j < n: 

For \k\ < 51og(n V 3)/n and some K > 1 independent of /3 we can write, 

j j 
Cj{k) =exp\^"^{ik-ei + ei{k)) where \ej{k)\ < K\k\'^J2^^i^ (4-8) 
1=1 1=1 

where the empty sum, arising when j = 0, is defined to be 0, and where, for n = 0, the equation is valid 
for all k e [-■ TT, vr]"'. 

The initialisation of the induction (the n = case) holds trivially since 1 = e°. In Section O we will 
advance the induction hypothesis. In Section [4.21 we will use it to prove Theorem 14.11 

4.1 The LLN induction advanced 

We fix n > 0. The induction step will be achieved as soon as we are able to write 

Cn+l {k) _ ^ _ ^^^^ ^ ^^^^ ^^^^ ^ 



Cn{k) 

for en+i{k) satisfying the required bound. For this, we write 

Cn+l{k) 



Cn{k) 

and then set 



l + i/c-0„+i + e;+i(A:) (4.10) 



en+i{k) = log [l + ik- 9n+i + e'„+i(A;)] - ikOn+i- (4.11) 
The following lemma is a trivial consequence of (j3.32p and (j4.7p : 

Lemma 4.3. We have j^^j < L and when Assumption (LLN) holds we have \6n\ < L + Ej^B for every n. 
Let 

n 
m=l 

We note that by the second bound in (j4.3p . and uniformly in k such that \k\ < 5n~^ log (n V 3), we have 

Bn+i\k\ < 6B', 7iBn\k\^ < S^B'. (4.13) 

These bounds will be frequently used in what follows. 

Choose /3o > so that 6/3 < 1 for all /3 < /3o, and suppose that the required bound (|4.8p holds for 
e'n^iik) with constant Ki. By Lemma IT3l |A;||0„+i| + |e'^_,_]^(A;)| < 1/2 for \k\ < 51og(nV3)/n when 
6 < (2(L + B + L'CiB') log3)~^. Therefore we may apply Taylor's Theorem | log(l + x) — x\ < 4|xp for 
\x\ < 1/2, to (|4.1ip . This implies that when the required bound holds for e^_^^(/c) with constant Ki, it also 
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holds for en+i{k) for some K independent of /3, since the terms of order k in (j4.1ip cancel. Specifically, 
if |e;+i(A;)| < Ki\k\'^Bn+i, then, using also (ITOD and (x + < 2x^ + 2y'^, 

\en+i{k)\ <A{\k\\en+i\ + K+iik)\f + \e'n+i{k)\ 

<8\k\\L + B)^ + 8KfBl^,\k\^ + KiBn+i\k\^ < \k\\8{L + Bf + SB^+iRfSB' + Bn+iKi) 



<KBn+i\k\^, 

for K > 8(L + 5)2 + SSB'Kl + iCi, which is independent of /3. 

The rest of this section will be devoted to the proof of the following lemma: 



(4.14) 



Lemma 4.4. There exists /3q such that for all (3 < (3q, if ej{k) satisfies the bound in (|4.8p for all j < n 
and \k\ < 6{n + 1)~^ log + 1) V 3) then for such k, 

K+iik)\ < KiBn+i\k\\ (4.15) 

Proof. Divide the recursion relation (12.32P by Cn{k) and use the equality 7rm,(0) = of (|4.ip to obtain 

n+l 



Cn+l(fc) 
Cn{k) 



D{k) + Y,[^m{k) - TT.^{0)] 



m=2 



{k) 

Cn{k) 



(4.16) 



We can rewrite ()4.16p as 



where 



Cn+l(fc) 
Cn(fc) 



1 + ik ■ 9n+l + 



n+l 



n+l 



e'^^^ik) = [D{k) -l-ik-e,] + Y, [^m{k) - k ■ VlTmiO)] + ^-(^) [ 

m=2 m=2 

The first term is taken care of by (j4.6p . Furthermore, by (j4.2p . we have that 

n+l n+l 

\T^mik) - k ■ V^-r„(0)| < e/3|A;p ^ mbm = A:p. 



(k) 

Cn{k) 



(4.17) 



m=l 



m=l 



Finally, using Lemma 14.21 and the induction hypothesis (j4.8p for ei(fc) with I < n, which is allowed since 
|A;| < 51og((n + 1) V 3)/(n + 1) implies that also |A:| < 6log{n V 3)/n, 



Cn+l— m(^) ^ 
Cn{k) 



exp 



{ik ■ ei + ei{k))\ - 1 < m{\k\{L + B) + A:|2)e'"^^"+il'=l' 

i=n+l— m 



<m(|A;|(L + B) + KB„+i|A:|2)e™', 



(4.18) 



by the second inequality in ()4.13p . 

Using the first bound in (j4.2p . it follows that 



n+l 



J2 ^^(^)[ 



m=2 



Cn+1— m. {k) 
Cn{k) 



n+l 



m<Y. I^k/3&me^'^'' m{\k\{L + B) + Bn+iK\k\'') 



m=2 

-,KB'S 



{L + B) + Bn+iK\k\ 



<ep\k\^Bn+ie''''' {{L + B) + 6B'K), 



(4.19) 
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where in the last inequahty we used the first bound in (j4.13p . Summarising (j4.17p - (j4.19p we have 

|e;+i(A;)| < Ci\k\^ + e^Bn+i\kf + spe'"'''^' {{L + B) + 5B' K)Bn+i\k\\ (4.20) 

Recall that Ki = 2Ci and i?n+i ^ bi > 1. We choose /3o sufficiently small so that both ep < 1 for all 
/5 < /3o and 

ep (l + e^^'-^' {{L + B) + 5B' K)) < ^. (4.21) 

Then, we conclude that Ci + e^B„+i(l + e^^'^'' {{L + B) + 5B'K)) < KiB^+i and therefore (fn5]l 
holds as required for all /3 < /3o- This completes the proof of Lemma |4.4[ □ 

4.2 Proof of Theorem 14.11 

To prove (j4.4p . we note that from (j4.8p . which is now known to be valid for all n, 

n 

¥.p[oJn] = -iVc„(0) = + Vej(O)] . (4.22) 

i=i 

Since \ej{k)\ = 0{\k\'^), we have that Vej(O) = 0. Therefore, 

n n 

M^n] = Y,ej = ne + Y}Oj - 9]. (4.23) 

i=i i=i 

By (I330D . gZD and gl]), we have that 

n 71 oo oo / oo \ 

j=l j=l s=j+l s=2 \s=l / 

For g3]), let G W^. Then for n > e'^^'l^'l we can apply ()4.8p in the form 

n 

c„(A;n-^) =e'^''~'-^''e^v\j^[ikn-^ ■{Oi-0) + ei{kn-^)]^, (4.25) 



with 



IA-|2 ^ 

|e,(A;n-i)| <i^^E^^^ (^-26) 



By (14241), 



Similarly, 



E |e,(^n-)| < E E ^ E(- - ^ + 1)^^^ ^ E ^^i- (4-28) 

j=i i=i i=i 1=1 1=1 



Together (14271) and (|428]) prove ([45]) for n > e*^ 'I^^L 
For n < e'' 1'^' the result is trivial by writing 



ikn~^ ■ojn = ik-e + 0{\k\{L + 6)) = ik ■ 6 + 0{\k\e^ 'I'^ln"^). (429) 

□ 
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5 Induction for the central limit theorem 



In this section we prove a central limit theorem from the recurrence relation (j2.29p . or more precisely 
its Fourier transform (|3.34p . assuming certain bounds on the coefficients %m{k). The bounds roughly 
correspond to upper bounds on the accuracy of the Taylor approximation of TTm{k) up to second order, 
and the argument is an extension of the one in Section [H In this section, for a d x d matrix S, we define 
its L^-norm by 

|s| = J2 \i^h\- (5-1) 

We start by formulating a general assumption, and prove the main result. Theorem 15.11 under this 
assumption. 

Assumption (CLT). There exists a non-increasing sequence {&m}m>i independent of (3 with hi > 1, 
and a constant ep with lim^^o £/3 = 0, such that 



7r„(0) = 0, |V7rm(0)| < ephm, |V^7rm(0)| < Sfimhr, 



(5.2) 



(a) for all k G [— vr, vr]'^, 



|7r„(fc) - k ■ VTr„,(0)| < £^\k\^mbm, vr„(/c) - k ■ V7r„(0) - -/c*V^7r„(0)fc < e,3\k\-'m^bm. (5.3) 
Moreover, B* = Yl^=i i^T-bm. < oo, and there exists 7 G (0, 1/2) such that 

n n 

dn = rnbm bi^i = o(l), as n ^ 00, and 

n 
m=l 

Similarly to (j4.12p . we define 



n 



log (n + 1) ' 



for all n and some Cq > 1. 



(5.4) 



A = ^aj, Dn = ^^dj, En = y^^jm An)mbm- 



(5.5) 



m=l 



We will prove a generalised version of Theorems 12.11 and 12.21 which is formulated below: 



Theorem 5.1 (Central limit theorem). When Assumption (CLT) holds, there exist /3q = f^Q^d) > 0, and 

6 = 0{(5), and S = S(/3) such that, for all /3 < Po, 

(a) 

1' " 



E^[a;„] = On 



1 + 



n 



(b) 

Yar/siiOn) = + O (D„) + O {En) 
(c) there exists C > such that for every k 



(5.6) 
(5.7) 



log I lE/3 |_e 



'-k'm + 0(|A;|e^l^-|'n-i/2) + 0{\kfn-^I^An) + 0{\k\\^\^\\-\Dn + En)). 

(5.8) 



The constants 9 and S (given by (j3.30p . (j3.3ip ) are model dependent. 
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It is not hard to see that each of the O terms in (|5.8p is indeed an error term when we assume that 
Assumption (CLT) holds. However, in the general set-up in Assumption (CLT), it is not clear to us which 
term on the right-hand side of ()5.8p is typically the largest. 

Note that since D has finite range, there exists a constant C2 > 1 independent of f3 such that 

\D{k) -1-ik-e^- ^A:*S^/e| < C2\k\\ (5.9) 

and let K2 = 2C2, which is independent of /3. 

Recall ()4.7p and define the following approximation to S: 

n 

S„ = - 9n9i - 5^ V2 \e"ien ■ k{m - l)7r^(/c)j (5.10) 



m=2 



Let -B = bm and d* = sup„ dn- 

Our induction hypothesis for the central limit theorem is that the following bound holds for all /3 < /3o, 
all < j < n, and some 5 S (0, 1), independent of /3: 

For k such that \k\^ < 51og(n V 3)/?i, and some K independent of /3 we can write, 

r ^ 1 1 

Cj{k) = exp ^ [ik ■ 01 - -k%k + ri{k)] with \rj{k)\ < K{\k\'^dj + \kfaj), (5.11) 

1=1 

where again the empty sum appearing when j = is defined to be zero, and for n = 0, (j5.1ip is assumed 
to hold for ah k G [-7r,7r]'^. 

The initialisation of the induction (n = case) holds trivially as 1 = e*^. 

5.1 The CLT induction advanced 

We follow the same strategy as in Section 14. H now expanding the Fourier transform one order further. 
We fix n > 0. The induction step will be achieved as soon as we are able to write 

^^^±i^ = exp [ik ■ On+i - \k'^n+ik + r„+i(A;)] , (5.12) 

Cn[k) 2 

for r„_|_i(fc) satisfying the required bound. For this, we write 

^gii^ = l + ik. On+l - \k\T.n+l + en+ieUl)k + ^^^(fc) (5.13) 

and then set 

r„+i(A:) = log [1 + ik ■ On+i - ^k\^n+i + ^n+i^J,+i)A; + r'n+lik)] - ik ■ O^+i + ^/c*S„+iA;. (5.14) 
The following lemma is an easy consequence of (jS.SSp and (jS.lOp : 

Lemma 5.2. We have \9zi\ < L and jS^I < d'^Lp', and, when Assumption (CLT) holds, for all n, 
l^nl ^ L + SpB, and 

|S„| <d'^L'^ + {L + epBf + 2d^{L + epB)B* + spB*, and 
+ OnOi\ <d^L^ + 2d^{L + epB)B* + epB*. (5.15) 
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Suppose that the required bound (|5.1ip holds for r,^^^(/c) with constant Then, by the assumption 
on aj in (|5.4p . we have that, for k satisfying j/cp < (5 log (n V 3)/n < 25, and since 5 < 1, 

K+Ak)\ < K26{d* + V6Ca) < K26{d* + Ca). (5.16) 

Choose /3o so that e/3 < 1 for all /5 < /5o, so that, by Lemma [5. 21 for k satisfying \k\'^ < Jlog (n V 3)/n < 2(5 
in (|5.1ip . and using L, B* > 1, 

+ + + (5-17) 



< V25iL + B) + 5(^5d\L + e/?^)^* + K2{d* + C^)) < 1/2, 
when we take 5 < 6* , which is defined by 

5* = min {(L + B)-y32, {A{5d^{L + B)B* + K2{d* + CJ))"^ }. (5.18) 

Therefore we may apply Taylor's Theorem | log(l + x) — x + ^\ < 8\x\^ for |x| < 1/2 to (|5.14p . This 
implies that when the required bound holds for r'^^_^_l{k) with constant K2, it also holds for rn+i{k) for 
some K independent of /3, since the terms of order k and in (j5.14p cancel. Specifically, if |r^_,„^(/c)| < 
K2{\k\^dn+i + |/cpa„_|_i) then using Taylor's Theorem, followed by the assumed bound on r'^_^-^^{k) , we 
obtain 

K+mi <K+,{k)\ + \k\\en+,\ + en+iei+,\ + K+Ak)\^ 

+ ^ + e^+iei+,\ + K+^{k)\^ 

+ 8 + l\kf\^n+i + ^n+iCil + l<+i(^)l)' 

<CKl{\k\^dn+i + \kfan+i) < K{\k\^dn+i + \kfan+i), (5.19) 

when X > 0X2- Here C > 1 is a constant that depends on Ca-, B, B*,d*, L, d, but is independent of /3 and 
6, and we have used that |r^_|_;^(A;)p < C-ftr|(| A:|^(i„+i + 1 A:pa„+i) since 0^+1 > 1 and \ k\'^ < 6 log (n V 3)/n, 
and similarly for |?'^_)_i(A:)|^. 

Most of this section will be devoted to the proof of the following lemma: 

Lemma 5.3. // (jS.lip holds for all j < n and < 6{n + 1)"-"^ log ((n + 1) V 3) then for such k 



K+i{k)\ <K2{\k\^dn+i + \kfan+i). (5.20) 



5.1.1 Proof of Lemma 15.31 



The proof involves expressing r^_|_i(fe) as a sum of three terms and showing that each term is bounded in 
absolute value by the right hand side of (j5.20p . 
Recall (fSTSj) . then 

r'^^.ik) =1 + 11, 
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where 



n+l 



1 1 

/ = [b{k) -l-ik-e, + -k'^.k] + l^mik) - k ■ V7r„,(0) - -k'V^TTmiO)k 

m=2 

I = ^ [r:Uk) [ '"t^^r'^ -l]+k- V7r^(0)i(m - l)k • 



m=2 



We will bound |/| and |//|, and then choose /3o sufficiently small so that |/| + \II\ satisfies the bound on 
the right hand side of ()5.20|) . By (j5.9p and (j5.3p in Assumption (CLT), and the fact that On+i > 1 we 
have 



1^1 < C2\kf + E™t^2 £p\kfrn%m < {C2 + e^)\kfan+i. 
To bound //, we first split // = Hi + II2, with 

n+l 



(5.21) 



m=2 
n+l 



Ih = Y[TTm{k)-k-VTrmm 

(fc) 

Cn{k) 



Cn+1- 



Ih = ^A;-V7r^(0) 



m=2 



Cn{k) 

- 1 + i{m - l)k ■ On+\ 



For //i, we use the first bound in (IS.Sp in Assumption (CLT) and Lemma 14.21 for j = 0, to get 

n+l 



\Ih\ < |vr„(A:)- A:-V7r„(0)| 

m=2 
n+l 



Cn+l— m 

(fc) 



Cn(fc) 



1 



m=2 



exp 



n 



i=n+2— m 



ik ■ 01 - -k'j^ik + n{k) 



n+l 



l=n+2—m 



m=2 



\k\\ei\ + -\k\'\j:i\ + \riik)\ 



with 



^Ak)= E [^|Sz| + |n(A:)| 



l=n+2—m 



Since a„ is increasing, for < 5 log ((n + 1) V 3)/(n + 1), we have that 

Xm,n{k) < m\k\\C + Kd* + an\k\) < m\kWC + Kd* + V5KCa), 
where we recall that d* = sup^d^. Also, for \k\'^ < 51og((n + 1) V3)/(n + 1), 



i2 / .i„„.^,,oNlog((^+l) V3) m 



m\k\ < (51og (m V 3)- 



< 5 log (m V3), 



(5.22) 



(5.23) 



(5.24) 



since X I— 7- 



n + l log (m V 3) 

^^^^^ is decreasing for x>0. As a result, we obtain that, with 1/ = 5{C + Kd* + V6KCa), 

eXm,u(fc) < ^3)^^. (5.25) 
Note that, by picking 6 > sufficiently small, we can make < 7. 
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For \k\^ < Jlog ((n + 1) V 3)/(n + 1) it follows from Lemma [52] and (fSH]) . using a similar argument 
as in ([5^23]) . that 



+ ^|E/| + |r;(A;)| < (^{L + SfsB) + {V5C + VdKd* + 5KCa))\k\ = C^^^\ 



Therefore, 



n+l 



\Ih\ < C^^'e^\kf^m^+^bm = C^K'e^\k\\n+i. 



(5.26) 



(5.27) 



m=2 



For 7/2 we use ()5.1ip and Lemma 14.21 for j = 1 to obtain 

n+l 



m=3 
n+l 



exp 



l=n+2—m 



ik . 01 - h'j:ik + ri{k) 



l + ik ■ 6n+i{m - 1) 



< 



m=2 l=n+2—m 



n+l 



m=2 



n 

E [ 

.l=n+2—m 



,l + ^|S,| + |n(fc)| 



(k) 



For |/cp < 51og ((n + 1) V 3)/(n + 1), the second sum can be bounded, using (I5.26P and (I5.25p . as 



n+l 



m=2 



By a similar argument as in (|5.23|) . we have for |/cp < (5 log ((n + 1) V 3)/(n + 1), 



(5.28) 



+ \ri{k)\ < C{1 + Kd* + KCa^5)\k\^ = Cf\k\\ 



Therefore, 



n+l 



n+l 



Thus, 



n+l n n+l n 

^ ^ |6'n+l - Oi\ < 6/3 ^ mfcm ^'+1 ^ 

TO=2 i=n+2— m m=2 ;=n+2— m 



We conclude that 



I//2I < ep{ep\k\^dn+i + {C'^' + Cf)\k\\n+l) 



(5.29) 



emY.^-^ E [^|5^d + ln(A;)|] <Cl,%|A:|3^?n6„<Cl,%|fc|3a„+i. (5.30) 

m=2 ;=n+2— m m=2 

We continue with the remaining contribution to Il2- Since {&m}m>i is a decreasing sequence, 

n+l 

If^n+i - Oi\ <ep Y < epin - I + l)&i+i. 

s=l+l 



(5.31) 

(5.32) 
(5.33) 
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We have shown that 



|/| + \II\ < ei\k\'dn+i + (C2 + ep + ep{C'^' + C'^' + C'^'))\kf a^^^. 



■y{2) 



(5.34) 



Choose /3o sufficiently smah so that for all /3 < /3o, 6/3 + e/3(Cx' + + C]^*) < \K2. Recall that 
K2 = 2C2 > 1. Then for p < /3o, 



|/| + \II\ < (C2 + -K2)m^dn+l + \kfan+l) < K2m^dn+l + \k\^an+l] 

as required. This completes the proof of Lemma l5.3i 



(5.35) 
□ 



5.2 Proof of Theorem ISJH 

We will make use of the following lemma: 
Lemma 5.4. For all /3 < /3o, and all j G N, 
(i) Vrj(O) = 0, and 
(ii) \V^rj{0)\ < md^dj. 

Proof. The induction hypothesis (j5.1ip . now verified for all j, states that |rj(A;)| < K{ 
Therefore, letting [Vrj(0)]i denote the i*^ coordinate of the vector Vrj(O), we have 



|[Vr,-(0)], 



lim 



|rj(0, . . . ,0,/i;i,0, 



< lim 

fei-s>0 



K{\ki\'^dj + \ki\^aj) 







(5.36) 



Since all partial derivatives of Cn{k) up to second order exist and are continuous, and c„(0) = 1, we have 
from (|5.13p and (|5.14p that all partial derivatives of rj{k) up to second order exist in a neighbourhood of 
and are continuous. Let (V^rj(0))im denote the (/,m)*^ entry of the matrix V^rj(O) and suppose that 
\rj{k)\ < Ji|A;p + J2|A;|^. We claim that this implies that |(V^rj(0))im| < 3Ji for each m,Z, from which 
part (ii) of the lemma follows immediately. Without loss of generality we suppose that l,m £ {1, 2}. 



Let h{ki, k2) 
satisfies 



ci,/c2,0, ... ,0). By the second order mean value theorem, fui,u2{t) = h{tui,tu2) 



(5.37) 



for some t* = t*{t,ui,U2) G (0,t). 
Now/^,,„,(0) = /i(0,0) =Oand 



|/^^,,,(0)| =lini 



lim 


h{tui,tu2) - h{0,0) 


= lim 


h{tUi,tU2) 


< lim 


t->0 


t 




t 





Cui ,«2 (^ ~l~ ^ 



where we have used the bound on |rj(A;)| in the last inequality. Thus (j5.37p reduces to 



(5.38) 



(5.39) 



and by hypothesis the left hand side is bounded in absolute value by Jit^{u\ + u\) + J2t'^{u\ + u^)^/"^ . 

We now set t„ = 1/n and let i* = t*{tn,ui,U2). Then for each n, \fuj^^u2i'^n)\ ^ 2Ji(Mf + u^) + 
2n~^J2{u\ + u|)'^/^. By the multivariate chain rule ^h{g{t)) = Vh ■ (f{t) we have 



/«i,n2(0 = ^^l^ll(i>li*>2) +^ii/i22(t>liC'"2) + 2nin2/ll2(i>liC'"2) 



(5.40) 
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and thus 

h?/iii(i>i,i>2) +^^i/i22(i>i,i>2) + 2nin2/ii2(t>i,t>2)| < 2Ji{ul + ul) + —{ul + ulf^\ (5.41) 



n 

Putting tti = l,ti2 = Oin (IHIiTl) gives |/iii(t;,0)| < 2Ji + 2n-V2, and similarly |/i22(in,0)| < 2Ji+2n-V2. 
Letting n — )• oo and using the fact that t* E (0, (so that t.„ = l/'T- — implies that t* — )■ as n — )• oo) 
we have |/iii(0,0)| < 2Ji by continuity of the partial derivatives. Similarly, by taking ui = 0, n2 = 1, we 
obtain |/i22(0, 0)| < 2Ji. Next, set ui = ii2 = 1 in ()5.4ip and use |a + 6| < d ^ \a\ < d+\b\ to see that 

2|/ii2(t>i,t>2)| < |/iii(t>i,t>2) + /i22(t>i,t>2)| + 2Ji{ul + 4) + ^{uj + ulf/^. (5.42) 

77, 

Now use the triangle inequality and let 77 — oo to get |/7i2(0, 0)| < 3Ji. □ 
We are now ready to prove the statements in Theorem I5.1( a)~(c) one by one. 

Proof of Theorem 15.11 (a): Using (15.1ip and Lemma IS^ i). we have 

n n 

xcnix) = -7Vc„(0) = -iY^ [iOj + Vrj(O)] = n9 + - 9], (5.43) 

xezd j=i j=i 

so that it suffices to prove that 

n 

Y^[e,-0] = O{1). (5.44) 
i=i 

For this, we use ()3.30p . ()4.7p as well as the second bound in ()5.2p and to note that 

n n oo oo oo oo 

1% -0\<Y, Yl l^^-(0)l ^ 5Z Yl = ^ "i^m = 0(1), (5.45) 

j=l j=l m=j+l j=l m=j+l 771=1 

by the assumption that B* = Ylm=i ^^^m < oo. □ 
Proof of Theorem 15.11 (b): Recall that Var^(a;„) is the covariance matrix of uj^- Then 

{\aXp{Un))lm = y^^XiXmCnjx) - ^2;iC„(x) Yi^mCn{x) . (5.46) 
X \ X / \ X / 

By (15.1ip and Lemma l5.4( i-ii). and writing \6p\i for the component of 9p, 

XiXmCn{x) = -(V^C„(0))zm 

n n 

= Y ((^p)'™ - (Wp(0))i^) - J2 i^i^P^i + [V^p(O)]0 (^[GqU + [Vrg(O)]™) 
p=i p,q=i 

n n n 

= Y,{{^v)im + 0{d,)) + Y,[Gv\iY.^(),\m- (5.47) 

p=l p=l IJ=1 

It follows from (I5:i3]) that ^^^^^^^(a;) = Ep=i['^p]« and from (fSlIeD and (fOTD that 

n 



n 



{^)lrn + 0\Ydp\+ 5^((Sp)i,,7i - (S)i„ 
p=l I p=l 
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Therefore to complete the proof, it is sufficient to show that for p < n, 

\{j:p)lm - {^)lm\ =0{1\/ ipAn)pbp). 

By and (l5J0]l . the left hand side of (ISliSjl is bounded by 



(5.48) 



r=p+l 



k=0 



+ 



2 i(r-l)fc-9p. 



r=2 



k=0 



k=0 



<mi\\[eU-[eM + \K]nmi-[Op]i\ 

oo 

+ E ((^-l)(l[^UII[Vvr.(O)]i| + |[0],||[V7r,(O)U|) +|(V27r,(0))i, 



Im 



r=p+l 



+ |0p_0|^|[V7r,(O)]|, 



(5.49) 



r=2 



since 7rr(0) = by ()5.2p . The first two terms are 0(1) using the fact that \9\ is finite and the \9p\ are 
uniformly bounded together with ()5.45p . By ()5.2p . the third term is bounded by 



n oo 



p=l r=p+l r=l 

while, again by (|5.2p . the last term is bounded. This completes the proof. 

Proof of Theorem [5JTc^: Fix k G M"'. Then for n > e~ ' , we can apply ()5.1ip in the form 



□ 



1 1 1 1 



exp [ik ■ 9^ - ^fc*S/c] 



(5.50) 



n ^ n n 

exp \Y^iTr^^k ■ [9j -9]- -n^^k* Y^[T.j - T.]k] exp^^rjin-h). 



From (|5.45p we have 



'^in^h-[9j -9] <n-^\k\'^\9j -9\ =0{n-^k\), 



(5.51) 



and using ()5.48p we obtain 

I A;* 



(5.52) 



m=l 



Finally we use (I5.11|) to get 



12 



(5.53) 
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This proves the bound in Theorem lS.lf c) for n > e~ . The bound holds trivially for n < e~ by writing 

_ K-n^ ^ 1 = 0{\k\^ + \k\'nh) = 0{\k\^n-^{Dn + En)n+\k\n-^n) 

yjn 2 

1 



□ 



6 Bounds on the lace expansion 

In this section, we give bounds on the lace expansion coefficients, and verify that these bounds imply 
Theorems 12.11 [2^2] and [231 We start in Section [6. II by formulating some general bounds on 7rm(0), V7rm(0) 
and V^7rm(0) that will reduce the bounds on the derivatives of TTm{k) to a single bound, which we will 
prove separately for each model. In Section 16.21 we prove the bounds on the lace expansion coefficients 
for once edge-reinforced random walk with drift, and complete the proof of Theorem 12.11 In Section [6. 3[ 
we prove the bounds on the lace expansion coefficients for excited random walk, and complete the proof 
of Theorems I2.2H2.31 In Section 16.41 we give the corresponding results for the random walk in partially 
random environment. 

6.1 Reduction to a single bound 

Recall ()3.24p and the definition Am,N = {(ji, • • • ,jN) G ^+ : YliLiJi = m — N — 1}, and define 

N in-1 



(6.1) 



so that 



We also let 

oo 

T^m{x,y) = E 7rl^\x,y). (6.3) 

N=l 

The starting point for the bounds on the lace expansion coefficients for self-interacting random walks is 
the following proposition: 

Proposition 6.1 (Reduction of the bounds on the expansion coefficients). 

For a self-interacting stochastic process with range L < oo, where 7Trn\y) is given by (I3.24p . the following 
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bounds hold: 

TTm{0) = 0, 

|V7r^(0)| < ^L^\-Km{x,y)\, 

x,y 

|V27r„(0)| < {dL)\2m-l)Y,Mx,y)\, 

x,y 

{k)\ < \k\LY,Mx,y)l 
\TTm{k) - k ■ V7r„(0)| < |A;pmL^ ^ |7r„,(x,y)|, 

\TT^,{k)-k-VTT^{0)-hv^Tr„,{0)k'\ < \k\^m^L^Y,\'Km{x,y)\. 

x,y 

Proof. We note that for every x (zU^ and A'" > 1, 

(^(JV-l) ^(JV) ^(JV) \ 

(x,,)-/^. (X,,) =1-1 = 

ay ^ 

from which it fohows immediately that, for every x E Z*^, 

^■Krn{x,y) = 0. 

y 

Summing (j6.10p over x estabhshes (|6.4p . Furthermore, again by (j6.10p . we have that 

[V 71-^(0)]; = i^yi-K^{y) = i'^yi7rm{x,y) = i'^xiTTm{x,y) + i'^iyi - Xl]TTm{x,y) 

y x,y x,y x,y 

= i^[yi - Xi]-Km{x,y). 

x,y 

For walks with range L, we have that \yj — Xj\ < L, so that 

x,y 

which estabhshes (|6.5p since X]f=i — rfmax/ |tt/p. Similarly, 

-[V^7rm(0)]st = ^ysytT^miy) = '^ysyf^m{x,y) 

y x,y 

= '^XsXt7rm{x,y) + '^[ys - Xs]xtTrmix,y) 

x,y x,y 

+ - Xt] {x,y) + ^[ys - Xs][yt - xt]ir.m{x,y) 

x,y x,y 

= X^bs ~ Xs]xtTTm{x,y) + '^[yt - Xt]XsTTm{x,y) + ^[l/s " Xs][yt " Xt]nm{x 
x,y x,y x,y 
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We use that \yj — Xj\ < L and < L(m — 1) to obtain 

\[V^TTmmst\ < {2m-l)L^^\7r^{x,y)\. 

x,y 

This estabhshes ([62]) by (fOI) . 
By 

n^{k) = ^e*'=-%^(x,y) = ^e*^[e*'=-(^-^) - l]7r^(x,2/). (6.13) 

x,y x,y 

Since — y| < L, this immediately yields (|6.7p . Together with (j6.1ip . (j6.13p gives 
TTmik) - k ■ VTTmiO) = ^ [t^ + " [^'''^"""^ - 1] - ifc • (y - x)] 7r^{x, y), 

By Lemma l4.2t |e*" — 1| < \u\ and je''' — 1 — zn| < ^n^. Together with the finite range properties of the 
walk this proves ()6.8p . The final claim is proved similarly by first showing that 



x,y 

+ [e*'=-^-l-zA:-x][e*(j'-^)-l] 

+ ik ■ xie'^'^y-^^ -i-ik.{y- x)]\ TT^ix, y), 

and then using |e*" — 1 — iti + < ^\u\^ together with the previous estimates. □ 

We conclude that the bounds in (I4.ip . ()4.2p . (15. 2p and ()5.3p follow if we can show that 

^ |7rm(x,y)| < e;36m, (6.14) 

for some sequence {bm}m>i satisfying the appropriate conditions formulated in Assumptions (LLN) and 
(CLT). In the following proposition, we state the precise form of our bounds on the lace expansion 
coefficients, followed by the proof of our main results subject to these bounds. 

Proposition 6.2 (Bounds on the expansion coefficients for each of our models). 
(a) For OERRWD, there exist /3o > and J > such that for all\l3\< /3o, 

5]|vr^(x,y)| <C/3e"^^ (6.15) 
where J depends on PQ,WQ,d but is independent of (3. 

(h) For ERW with d — \> A, there exist /3o > and C > such that for all /3 < /3o 

Cj3 

XI \'^m{x, y)\ < j^. (6.16) 

x,y (m + 1) 2 



(c) For RWpRE with di > 4, there exist /3o > and C > such that for all 13 < (3^ 







Cf3 

^\TTm{x,y)\< (6.17) 

x,y (m + 1) 2 
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We now complete the proofs of our main results subject to Proposition 16.21 

Proof of Theorem \2. 1\ subject to Proposition a). We use Proposition 16.11 and 16.21 as well as Theorem 
l5.1l to complete the proof of Theorem 12. 1[ When bm = e~^'^, Assumption (CLT) is satisfied. Also, ()2.1ip 
is directly implied by ()5.6p . Furthermore, the error terms in ()5.7p can all be seen to be 0(1), which proves 
(j2.12p . Finally, for each /c, as n — t- oo (|5.8p implies that 

Clearly, this implies (l2T3]l . □ 

Proof of Theorems \2.S\ and \2.3 subject to Proposition 1 6. S^ b). By Propositions 16. l l and 16. 2t b). Assumption 
(LLN) holds with ep = C(3 and 6^ = (m + l)-('^-3)/2 ^^^^^ ^ ^ 5 (-- ^^ d - 1 > 4). Thus, Theorem O 
applies, and it is an easy exercise to see that when bm = {m + l)^('^~3)/2 ^^^^ d > 5, the error terms given 
in (14. 4 p and (14. 5 p are sufficient to prove Theorem 12.31 

Similarly, Propositions 16.1] and [6r2l fb) show that Assumption (CLT) holds with = C/3 and bm = 
(m + i)^('^~3)/2 -^j^gjj d > 7 (i.e. d — 1 > 6). Thus, Theorem 15.11 applies and we now show that when 
bm = (w- + 1)~('^~'^)/^ and d > 8, the error terms given in (j5.7p and (jS.Sp are sufficient to prove Theorem 
[221 

Indeed, note that = X^m=i("^ ^ n)mbm = 0(n~'^'^~^)/^ log n) = o(n), when d > 7. Furthermore, 
by [231 Lemma 3.2] and the fact that {d- 3)/2 > 1 when d > 5, we obtain that dn = 0{n~'-'^^^^/^), 
so that Dn = 'Zm=idm = 0{l) for d > 7. Finally, a„ = Em,=i "i^^^^m = 0{n^-'^'^^^^/^ V 1), which 
is 0{n^) for some c < 1/2 when d > 8 (i.e. d — 1 > 7) and 7 is sufficiently small. In this case, also 
An = Ylm=i ^™ ~ o(n^/^). This identifies all error terms in (|5.7p and (|5.8p . □ 

Proof of Theorems \2.4\ and \2.5\ subject to Proposition \6.2\( c). Theorems 12.41 and 12.51 follow exactly as in 
the proofs of Theorems 12.21 and 12. 3t when di > 7 and di > 4, respectively. 

□ 

We will prove ()6.14p for once-edge-reinforced random walk in Section [6.21 and for excited random walk 
in Section [OI below. 



6.2 Bounds for once-edge-reinforced random walk 

In this section we prove Proposition I6.2l fa). The bounds in this section are based on the following large 
deviations estimates. 

Lemma 6.1 (Large deviations). Whenever 6^ 7^ 0, there exist f3o = f3o{D{-),wo{-)) > and I = 
X{D{-),wq{-)) > such that for all |/3| < /3o, 

supQ|(a;„ = ujq) < e"^", and (6.19) 
sup ^f-^^\^n^. = '^t!X.(»-)=.}^?"^'K = 4-'') < Ke-^(^«--'+^»), (6.20) 

^-2 + ^4-1 + 1 

where the supremum is over all {ji-2 + l)-step random walk paths 0Jj'~^^^i, and K is a constant that 
depends only on L,d. The law of the i^^ walk i^j'+i depends on the {i — walk (jj'.^^'^,^ but not on the 
(i - 2)"<i walk C3^r\i ■ 
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Proof. Under Qqi is a simple random walk with bounded increments and non-zero drift (without loss 
of generality assume the drift is in the positive coordinate direction (s)). It follows that for z sufficiently 
small (and negative) 

[exp{z • (wi - cjo)}] = 1 + z • Eqo [coi - coq] + O(z^L^) < 1. (6.21) 

Thus, by Cramer's Theorem (e.g. see [HI Theorem 2.2.30]) there exists J = J{D{-),'wq{-)) > such that 
QQ(a;„ = ujq) < e""^" for all n. Let O denote the support of D{x). It is easy to show that for every 
/3 e [0, /3o] and v, 

p^{x,y)<{l + Cf3o)D{y-x) (6.22) 

when C > l/wo{x,y) (similarly for /3 G [-/3o,0] when C > - l)/{Eu^xMx,u) - ^oiM - !))■ 
By translation invariance, W(){-) >W is uniformly bounded from below as a function on Q. We fix 

i^E«~o^o(0,u) 3/~o «^o(0,y) J 
/5o<mm|%,;^,J/(2C)l, (6.23) 



2(|0|-1, 

where the constant C > shall be determined in the course of the proof, and recall that 



n.-l 



^{u;n = x)= Ylp'^^^^iu^+.-Lo,). (6.24) 



(J„ ■.uj„ =x i=0 



The bound (j6.19p with X = J/2 follows immediately from this by (j6.22p by choosing /3o sufficiently small 
so that log(l + C/3o) < J/2. 

The second bound is obtained similarly, using (j6.22p after the step of with the constant 

arising from the "missing" transition probability corresponding to the sum over This proves 

(fOm with X = J/2. □ 
Proof of Proposition 1 6. ^ a). We bound 'Ylxy \'^m\x,y)\ and sum the resulting bound over A^. For = 1, 
m>2, dSl]) and (lOHD give 



^|7r<^'(x,y)| < j;j]Z)(a;r) J] {u:^., = j., I 

L m — 2 i L m — 1 

x,y (0) -(1) 



< C7/3Q;3(c^m-2 = ^o) < C/3e-^("^"2) < C/Je"^"*, (6.25) 

where we have applied the first bound of Lemma 16.11 in the last line, and the value of C changes from 
place to place. 

For general N , we have that 

E \<'i-^y)\ < E E E • • • E 11 ia<:vjq/"-^"^(^,„ = -r)' (^-^e) 



where, by (^Mi), 



EiA5:Vii<^^/? E V'=.'-)v (6.27) 



(i) ii-i=0 
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Figure 2: Illustration of the four cases of the diagrammatic bounds for OERRWD. On the left is even 
{N = 4) and on the right N is odd {N = 5). In the first row j € Bq, while in the second, j & Bi \ Bq. 
In each case the thick lines indicate the loops (whose total length is of order half of the total length m of 
the diagram) that give an exponentially small bound. 



Let N >2, and for q G {0, 1} let Ag = {i < N : {N - i) mod 2 = q} and Bq be the set of j £ Am,N 
such that "^i^AqUi + 1) — ^77/2. For r = 0, . . . , — 1, denote by < jV the number of steps in the r^^ 
walk (^j'J^^i up to the intersection point as in (|6.27p (in particular, /q = 0). Then, combining (j6.26p and 



N 



j:Kr(x,,)i<(c/3)^ EEE--- E ^(OnV"'^.^ 



1 JJV + 1 



n=l 



Jn l-r, 



-1 ' 



(n-l) 



.28) 



The bound is now split into four cases, depending on whether A'^ is even or odd, and on whether j € Bq 
or J £ Bi\Bq. See Figure El 

(a) The bound for even and j £ Bq. When A^ is even we bound the contribution to (|6.26p from 
j G Bq by using the following two bounds, the first of which follows immediately from the second bound 
of Lemma 16. 1[ while the last holds (with equality) trivially. 

The first fact is that for each even i G [2, A^], uniformly in cD^*"^^ 



H-1 'i-2 ' 



-.(i-2) 
Ji-2 + 1 , 



ji-2 + l' 

J ■ 11 



(6.29) 



The second fact is that, 



j;Z)«)<l. (6.30) 
By successive applications of (|6.29p and lastly (|6.30p . when A^ is even we obtain a bound on the 
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contribution to (j6.26p from j G Bq (whence Yli<N even ^ {fn — of 

JeBo r 2<i<Ar, even Jg^^ f 2<j<7V, even 

(6.31) 

where the constant has changed (to accommodate a factor e^^/"^). Using the fact that there are at most 
ji + 1 possible values {0, 1, . . . , jj} for /j, this is bounded above by 

N 

(C/3)^e-^™/2^n(-?'* + l)' (6.32) 



3 »=1 



which in turn can be bounded by the integral 



»m+3 /■m+3— />m+3— (xiH |-a;jv-i) 

-Xm/2(^^^iv / ^ / xa-- - / (6.33) 



e 

'0 Jo Jo 

It is an easy exercise in integration by parts that 

(2(iV^("-gH "^^ = (2(iV - - 1)))! ("-EH ■ C-^^* 



Applying (j6.34p times, we bound (j6.33p by 

^-xW2(c7/3)^i!^^±^ < e-^-/^C/3(C/3)^/2i!!^±^. (6.35) 

(b) The bound for N even and j G Bi\ Bq. When is even we bound the contribution to (|6.26p 
from j ^ Bi\ Bq by using the following three facts, the first of which is obtained by simply evaluating 
the sum, while the second and third follow immediately from Lemma |6. 11 
The first fact is that uniformly in wj^"^*^^, 

E ^{.(-)-.(--)}^^r"^"('^.iv = ^ ^' (6.36) 



where the constant (which depends only on L,d) is a result of summing over ^ (n) ■ The second fact is 
that for each odd i € [3, A^ — 1], uniformly in wj^^+n ^S-^Qh holds. The third fact is that 



Ji-2 
-!(0) 



Y,D{uf^)Q^'^ '{u^ = oofj) < e-^^-i (6.37) 



-(0) 

^1 



By first applying (|6.36p . followed by successive applications of (j6.29p and lastly (I6.37p . when A^ is 
even we obtain a bound on the contribution to (j6.26p from j £ Bi, of 

l<i<Ar-l, odd f j^Bi I ^<i<N~l, odd 

N 

<(C/3)^e-^"'/2j]n(>' + l)' (6-38) 
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which is bounded by (j6.35p just as in the previous case. 

(c),(d) The bounds for N odd. The bounds for > 3 odd are similar to the bounds described above, 
and we will omit the details. When N is odd, we bound the contribution from j G Bq by using the bound 
(|6.29|) successively for each i S [3, iV], and finally (j6.37p . For j £ Bi\Bq, we use (|6.36p . (j6.29p and finally 
(16.30|) . In both cases we obtain the same bound (I6.35|) . 

To complete the proof of Proposition 16. 2r a). we sum (j6.35p over N > 2, giving at most 

Choosing /3o sufficiently small so that < X/4 for all < /3o, we have that (|6.39p is bounded by 

C/3e~"^"^, where = X/4 is independent of /3. □ 

6.3 Bounds for excited random walk 

In this section we prove Proposition I6.2l fb) . 

In bounding the diagrams arising from the expansion applied to excited random walk, we will make 
use of the following lemma, in which denotes the law of an excited random walk with history ff, where 
r/ is a finite path: 

Lemma 6.2. For excited random walk in d > 2 dimensions, 

sup ([f{ujm = x)< (6.40) 

x,ff (m + 1) 2 

Proof. Let Ym = H^{k < m : lo^ ^ {^k~i i ei}} denote the number of steps taken in the dimensions 
2, . . . , d by the excited random walk up to time m. Note that for excited random walk and simple random 
walk, Yn has the same distribution. Then Y^ ~ Bin{m,q) where q = {d — l)/d > ^ for d > 2, and 
standard large deviations estimates give ¥(Ym < m/2) < e"™-^ for some / > 0. 
Now for each ff, with endpoint u, 

= x) <Q>P'-'^1 = = Fui^l'-'^i = (6.41) 

where P,j denotes the law of a simple random walk starting at u. For m even, this is bounded by 

m 

Po(4''-''^ = Ot^'-'^l) < Yl ^oiu^t-"^ = Ot'-'l^m = miYm = k)+¥{Y^ < m/2) 

k=m/2 

m „ 

^ E -j^nYm = k) + e-'"^ 

fc=m/2(^ + l) 2 

<- ^ E = k) + e-^- < ^ (6.42) 

(m + 1) 2 fc^„/2 (m + 1) 2 

For m odd, (fOTT) is bounded by 2dFQ{J^'^'f^ = ot^'-'"^]) and we proceed as in ([632]). □ 
Recall that Am,N = {j £ --Y. k = m - N - 1), and that for iV > 1, 



Ei-^"'(x,2/)i<(c/3)^sup E ^''(-'On 



->(n)--, 



=(C/3)^^sup^[^>'^ (6.43) 
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Figure 3: A diagrammatic representation of Ilm ''''(^^) for = 5, followed by the decomposition of the 
diagram when ji > m/2 and when ji < m/2 respectively. In each case, the induction hypothesis is 
applied to the subdiagram of length m — {ji + 1) that excludes the first walk, and the required decay 
comes from the part of the diagram with thick lines. 



where u is the endpoint of the finite path ff, and we take this expression as the definition of 11^ See 
the top diagram in Figure [3l 

Proposition 6.3 (Bounds on the expansion coefficients for ERW). For excited random walk with d > 5, 
the following bound holds: 

^\7rl^\x,y)\ < ^^^^"L . (6.44) 
x,y (m+1) 2 

In view of ()6.43p , the conclusion of Proposition 16.31 follows immediately from the following lemma: 

Lemma 6.3. For d > 5, there exists C independent of j3 such that 

supE^)''^<- (6.45) 

(m + 1) 2 

Proof. We first prove by induction on > 1 that 



^ ,7l("-i' (jN 



E E E • • • E n = ^ (6.46) 

For N = 1, ji = m — 2 and (|6.46p is less than or equal to 



sup ^ I. (1) ^.Ql{^m^2 = = Csup(il{Um-2 = v) < (6.47) 

v,rj ^ -"-2 / y^ff (m + 1) 2 

where the first constant arises from the sum over 
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For N >2, HOG]) is bounded by 



''''' ii<-m-2«i<ji^(i) 

A'' 

X E E E • • • E n = -tJ) 

<^^p E ; — — ^t^hfE E V>-}'^^^^'^^-^ = ^^i') ^^-^^^ 

h<m-2 [m-ji-l) 2 I n 
^ E , ,^ ^1 ,^ <g^"^ E , (6-49) 

ii<m,-2 ("^ - Jl) " (il + 1) ' h<m-2 ("^ " Jl) ^ (jl + 1) 2 

using the induction hypothesis to get (j6.48p and ()6.47p to get (j6.49p . The result ()6.46p now follows by 
splitting the sum over ji into the cases ji < m/2 + 1 and ji > m/2 + 1, taking the term of order m~^'^~^^^'^ 
outside the sum and performing the remaining finite (since d > 5) sum. 
To prove (|6.45p . for = 1, we have from (|6.43p and Lemma 16.21 that 

n^'''^=E E^''("''^i')V3-r}^? (c^™-3 = 

,-.(0) ,-.(1) ^ ° 

<supQ|(a;™_3 = v) ^ < > (6-50) 

'v,'n' (1) (m + 1) 2 

uniformly in ?7, which initialises the induction hypothesis. 

For N >2, and for any ff, proceeding as in the proof of (j6.46p . 



ji<m-2h<nM0) Ml) 



. . . . . . . . ^(0) 

n^-'- < E ^ E E E ^- = ''n) 



E E E • • • E n ^{.(")=.("-)}^^?"~^"(-." = 4:') (6-51) 

<C^~' E 7 (6-52) 

using (j6.50p and (j6.46p . The result follows as for (|6.49p . 

This completes the proof of Lemma 16.31 and hence also Proposition 16.31 □ 

6.4 Bounds for random walk in a partially random environment 

Li this section we prove Proposition I6.2l fc). proceeding similarly to the excited random walk case. The 
main ingredient needed is the analogue of Lemma 16.21 for RWpRE, which is the following Lemma. 

Lemma 6.4. For RWpRE with di>l dimensions, 

supQ>^ = x)< (6.53) 

x,ri (m + 1) 2 
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Proof. Let 1^ = ^{k < m : uj^ ^ {^k-i i = 1, . . . ,(io}} denote the number of steps taken in the 
dimensions do + 1, . . . d hy the RWpRE up to time m. Then there exists a sequence of random variables 

~ Bin{m, 6) such that < Ym for ah m, and F{Yra < m|) < F{Y^ < mf ) < e"^"" for some / > 0, 
by standard large deviations estimates. Now proceed as in the proof of Lemma 16.21 to get the result. □ 

Since for RWpRE as defined in Section 12.31 the A factors satisfy the same bounds (|3.29p as excited 
random walk (j3.27p . the analysis continues exactly as in Section 16.31 except that the exponents have 
changed in Proposition 16.31 and Lemma 16.31 from = — 1 to ^ — 1. In the inductive analysis we 
then use the fact that when ^ — 1 > 1 (i.e. di > 4), 

^ ^ ■ ^ < 



j<ra-2 {m - j) ""i 1 (j + 1) ''a (m + 1) "2 



6.5 Discussion of the bounds 

In the examples given in this paper, an estimate of the form 

?,UY><^{uJra = x)< A{m) (6.54) 

is crucially used in bounding the diagrams, where A{ra) is decreasing sufficiently rapidly in m. In the 
case of the reinforced random walk with drift, Cramer's Theorem enabled such a result with A(ri%) 
exponentially small in m. For excited random walk, the simple random walk behaviour in all but the 
first dimension gave such a result with A{jn) = (m + i)^('^~i)/2^ Similarly for random walk in partially 
random environment with Aim) = [jn + l)"'^^/^. In these examples, we ignore considerable information 
contained in the expansion in order to bound certain quantities arising from the expansion in terms of 
diagrams. In the case of excited random walk, we bounded these diagrams using very simple, but non- 
optimal estimates. The diagrammatic estimates are used to verify a set of non-optimal assumptions under 
which the central limit theorem holds. Improvements in any of these areas could lead to a reduction in 
the dimension above which our methods imply a central limit theorem for excited random walk. We note 
that different bounds, valid for all /3 G [0, 1], are proved in [19] for ERW in order to prove monotonicity 
of /3 ^ 0(/3, d) when d > 9. 

The approach taken above works more generally. We can obtain a LLN and CLT for any translation 
invariant self-interacting random walk model that has the properties that 

(1) p'''"°''"(x„,Xn+l) -p^"(3;„,X„+i) / ^ G 

(2) this difference in transition probabilities is small (uniformly) for all possible histories, and 

(2) the walker is "sufficiently transient" (uniformly) for all possible histories, 

can be handled in the same way as we have handled the models above. For an explicit example, one 
can take an (annealed) multi-cookie random walk in an i.i.d. random cookie environment with multi- 
dimensional excitement, provided that there are di > 4 (sufficiently transient) coordinates where the 
walker is behaving simple random walk. 

It would require a great advance in our understanding and analysis of the recursion equation, in 
order for us to apply this methodology to a "non-repulsive" model such as the once reinforced random 
walk. Inductive arguments as in jl8l I23| have been used rather successfully for oriented percolation j24j . 
the contact process |21] . and various related problems. However all of these made crucial use of the 
self-repellent nature of the problems involved. 
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7 Proof of the variance formula in Theorem 13.21 

Multiplying both sides of (j2.29|) by x^xt-'l = (xW — + yW)(2;[-'] — i/l-'] + y^^^) and summing over x we 
obtain, 



y x 1/ X 

+ yyil)(y) ^(xW - yH)c„(x - y) + ^ I)(y) - yW)(x[^1 - y[^1)c„(x - y) 



n+1 n+1 

+ E Ey''^y''^^-(2/) E^"+i— - y) + E Ey^'^^™(y) E(^''' - y'''^)cn,+i-.„(x - y) 

m=2 y X m=2 y x 
n+1 

+ E E y^'^^rniy) E(^^^'^ - y'*l)Cn+l-r„(x - y) 
m,=2 y X 
n+1 

+ E E ^-(2^) E(^^'^ - - y^^yn+l-m{^ - y). (7.1) 
m=2 y X 



Since c„(x) = 1 = -D(y) and Yly '^m{y) = 0, many terms simplify, so that (|7.1|) becomes 

= y^'V'^Diy) + E y^'^^(y) E ^''^^-(^) + E E ^'*'^"(^) 

y V ^ y ^ 

n+1 n+1 

+ ^xWxb-]c„,(x) + ^ ^yWyl^'lvr^(y) + ^ J] yH7r„(y) ^ x[^'lc„,+i„^(x) 

X m=2 y m=2 y x 

n+1 

+ E E^'^^^™(y)E^'*'^"+i-"*(^) 

ni=2 y X 

n+1 n+1 n+1 

+ E E2^'^'2/^''^-(2^) + E *[^nli-n.] + E <^M^^Xi-J- (7-2) 

m=2 y m=2 m=2 

Turning this into a statement about covariances we have, with C{X, Y) = E,[XY] — E[X]E[y] denoting 
the covariance between the random variables X and Y, 

n+1 

c^(41i,-Sli) - ^^(4,4^) =n^M^] + E E^'^'^'^'^--(y) 

m=2 y 

+ E[4]E[4]] + E[a;Fl]E[a;W] - E[41. jEi^]. J + E[4]E[41] 

n+1 n+1 

+ E «l^llE[4li-J + E «i^'lE[44_J. (7.3) 

m=2 m.=2 

If the right hand side converges then by the first condition of p.43p it must converge to T,ij , since the left 
hand side summed from n = to A; — 1 is C{uj^^\lo^^^). Note that if E[a;„] = for each n then the last two 
lines of (j7.3p are zero and the claimed result then follows immediately (with ^1*1 = for all i). Otherwise 
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we need to show that under the conditions of (|3.43p and (ii) the right hand side of (j7.3p converges to that 
of (IM) . 

Use the relationship 

n+l 
m=2 

to see that 

=0lii0!^i + ^LtilEk^'^] + ^EiEk'l] + IEk^^]Ek^'l]. (7.4) 



Thus the right hand side of (jT.Sp is 



n+l n+l n+l 

m=2 y m=2 m=2 



n+l 71+1 n+l 

= n-^M] + Y.Y.y^'^y^^^rniy) + E «^1^2^[-nli-™] + E ^^l^'^^t-' 

m=2 ?/ m.=2 m=2 

n+l n+l 

- E[4^-]] ^ - Eic.^] ^ al^l - (^^^,. (7.5) 

■m=2 m=2 

Collecting terms, we can rewrite (j7.3p as 

n+l 



'^n+l-mJ 



^I:li.J-E[c. 



m=2 

n+l n+l 

+ E T.y^S^'^^'^iy) + E (E[41i-n.] - 



m=2 y ni=2 

n+l n 

=Erf4i] - - E E ^1^' 

ni=2 r=n+2— m 
n+l n+l n 

m=2 y m=2 r=n+2—m 

The right hand side is equal to 

n+l n / oo \ 

E[.fi.fi] - ei^i - E E -E^] 

m=2 r=n+2— m \ fc=r+l / 

n+l n+l n / oo \ 

+ E E - E E ^^^^ - E «f 

m=2 3/ m=2 r=n+2—m \ fc=r+l / 

n+l n+l n+l 

= E[^fi^?-]] - ell,e^, - 0b-] J] c^{m - 1) + E E - ^^^^ E ^ - 1) (^-s) 

■m=2 m=2 3/ m=2 

n+l n 00 n+l n 00 

+ E«1^. E E 4^'^ + E«l^' E E «^ 

m=2 ■r=n+2— m A,-=r+l m=2 r=n+2—m, fc=r+l 
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The first line of the last equality of (j7.6p converges to (j3.44p . It therefore remains to show that the 
terms on the second line of the last equality of ()7.6p converge to zero. Since i and j are arbitrary, it 
suffices to verify the result for the first term on the second line of the last equality of (j7.6p . For n > 4 
this term is equal to 



n+l n oo oo n+1 



E E4'''=E4'^ E aMk-l) + {m-n-l)). (7.7) 

m.=2 r=n+2-m k=r+l k=2 m=(n+3-fc)V2 



This is bounded in absolute value by 



oo n+l oo n+l 



EK'K^-I) ^ \a^:i\+Y.K\ E (7-8) 

k=2 m={n+3-k)y2 k=2 m=(n+3-fc)V2 



The first term of IJiTM is 



ln/2\ n+l oo n+l 

^i4^-i|(fe-i) Yl E i4''i(^-i) E \'^\ 

k=2 m=(n+3-fc)V2 fc=[n/2j+l m=(n+3-fc)V2 

oo n+l oo oo 

<Ei4'i(^-i) E E i4^i(^-i)Ei«l^i' (7-9) 

k=2 m=n/2 fc=[n/2j+l m=2 

which converges to as n — )■ oo, since each of these is the tail of a convergent series multiplied by a 
convergent series. Similarly the second term of (|7.7p converges to 0. □ 
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